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Abstract
To solve spatially semidiscrete approximative solution of a class of semilinear hyperbolic equations, the ﬁnite element method
(FEM) with interpolated coefﬁcients is discussed. By use of semidiscrete ﬁnite element for linear problem as comparative function,
the error estimate inL∞-norm is derived by the nonlinear argument in Chen [Structure theory of superconvergence of ﬁnite elements,
Hunan Press of Science and Technology, Changsha, 2001 (in Chinese)]. This indicates that convergence of FEMs with interpolated
coefﬁcients for a semilinear equation is similar to that of classical FEMs.
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1. Introduction
We consider the semilinear hyperbolic initial-boundary value problem{
utt + A(t)u + f (u) = g in × (0, T ],
u = 0 on × (0, T ],
u(·, 0) = 0 ut (·, 0) = 1,
(1)
where  is a domain in R2 with smooth boundary . It is assumed that f ′(s)> 0 for s ∈ (−∞,+∞) and f ′′(s) is
uniformly bounded with respect to s. A(t) denotes the elliptic operator
A(t)u : = − Dj(aijDiu) + aiDiu + a0u,
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where aij ∈ C1, a0 ∈ C. In variational form this problem may be stated as{
(utt , v) + A(u, v) + (f (u), v) = (g, v), v ∈ S0 = H 10 (),
u(0) = 0, ut (0) = 1, (2)
where bilinear form
A(u, v) =
∫

(aijDiuDjv + aiDiuv + a0uv)dx
is assumed to be S0-coercive.We always assume that problem (1) has a unique solution u, which is sufﬁciently smooth
for our purposes.
For the spatial discretization of (2), we consider standard piecewise polynomial Lagrangian ﬁnite element spaces.
Denote by Sh the space of continuous functions on  that reduce to polynomials of degree n on each simplex of a
triangulation or a rectangular partition of. Seek approximations to (1) in the subspace Sh0 consisting of those functions
in Sh that satisﬁes the initial-boundary value problem (1).
Let {i}N1i=1 be the standard Lagrangian nodal basis of Sh0 and {i}N2i=1 be that of Sh. Thus, the indices 1 iN1
refer to the interior nodes and the indices N1 + 1 iN2 refer to the boundary nodes. Denote Ih : C() → Sh by the
interpolation operator. We now introduce trial functions for u and f,
uh =
N1∑
i=1
Ui(t)i (x) ∈ Sh0 , Ihf (uh) =
N2∑
i=1
f (Ui(t))i (x) ∈ Sh,
and deﬁne semidiscrete ﬁnite element with interpolated coefﬁcients, uh ∈ Sh0 , by{
(uh,tt , v) + A(uh, v) + (Ihf (uh), v) = (g, v), v ∈ Sh0 ,
u(0) = 0h, uh,t (0) = 1h, (3)
where0h and1h ∈ Sh0 are someprojections such that‖0−0h‖Chn+1‖0‖n+1 and‖1h−1‖Chn+1‖1‖n+1.
So the error e = u − uh satisﬁes the following orthogonal relation:
(ett , v) + A(e, v) + (f (u) − Ihf (uh), v) = 0. (4)
For weakly nonlinear hyperbolic problems, Baker–Dougalis–Karakashian [1], Bales [4], Bales–Dougalis [5], Wang
[12], Lin–Wang–Lin [11] studied the superconvergence of standard ﬁnite element methods (FEMs). Later, Chen [7]
gave a simpliﬁed proof for this problem and improved the superconvergence result.
In 1980, Zlamal [16] proposed the interpolated coefﬁcient FEM mentioned. Later, Larson–Tomee–Zhang [9] and
Chen–Larson–Zhang [8] studied the error estimate of the semidiscrete linear triangular ﬁnite element uh(t). For a
one-dimension semilinear elliptic problem, Lei–Chen [10] showed that FEM with interpolated coefﬁcients has the
same superconvergence like that of the standard FEM. Recently, for semilinear elliptic problems, Xiong–Chen [13,14]
studied superconvergence for triangular quadratic and arbitrary degree rectangular ﬁnite elements with interpolated
coefﬁcients, and Xiong–Hu [15] put the method in the computation of a class of nonlinear oscillating equations.
The rest of the paper is organized as follows. In Section 2, we describe the semidiscrete ﬁnite element for the linear
problem. In Section 3, we show the error estimates of the semidiscrete ﬁnite element with interpolated coefﬁcients for
semilinear problem.
2. Lemma for linear problem
Assume that the exact solution u of (1) is properly smooth. Denote bilinear form by
L(u;, v) = (t t , v) + A(, v) + (f ′(u), v),
and adopt an auxiliary semilinear hyperbolic projection u˜h(t) ∈ Sh0 as a comparison function, deﬁned by{
L(u; e˜, v) = 0, v ∈ Sh0 ,
u˜h = 0h, u˜h,t (0) = 1h, (5)
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where e˜ = u − u˜h. Let R0h, Rh be two Ritz projections such that
A(u − R0hu, v) = 0, A(u − R0hu, v) + (f ′(u)(u − R0hu), v) = 0, v ∈ Sh0 . (6)
Recalling [2,3,7], we have the following lemma.
Lemma 2.1. Let 0h = R0h0 and ‖1h − 1‖Chn+1‖1‖n+1, and assume that the exact solution u(x, t) of (1) is
properly smooth and u˜h(t) ∈ Sh0 is n-degree (n1) auxiliary linear hyperbolic projection by (5). Then, we have the
convergence estimates
‖e˜‖ + h‖e˜‖1C(u)hn+1,
‖e˜‖0,∞C(u)hn+1| ln h|,
and the superconvergence estimates
‖u˜h − Rhu‖1C(u)hn+1, n1,
‖u˜h − Rhu‖C(u)hn+2, n2.
3. Error estimates for semilinear problem
Now, we state the main result about the semidiscrete ﬁnite element with interpolated coefﬁcients for semilinear
hyperbolic problem.
Theorem 3.1. Let 0h = R0h0 and ‖1h − 1‖Chn+1‖1‖n+1, and assume that the exact solution u(x, t) of (1)
is properly smooth and uh(t) ∈ Sh0 is an n-degree (n1) ﬁnite element with interpolated coefﬁcients of semidiscrete
approximation of (3). Then for properly small h<h0, we have the convergence estimate
‖e(t)‖lC(u)hn+1−l , l = 0, 1, (7)
‖e(t)‖0,∞C(u)hn+1| ln h|, (8)
where e = u − uh, and the superconvergence estimate
‖u˜h(t) − uh(t)‖1C(u)hn+1. (9)
Proof. Subtracting (4) from (5) gives{
(t t , v) + A(, v) + (f (u) − Ihf (uh) − f ′(u)(u − u˜h), v) = 0, v ∈ Sh0 ,
(0) = 0, t (0) = 0, (10)
where = u˜h − uh. Now we analyze the following function in an element :
F = f (u) − Ihf (uh) − f ′(u)(u − u˜h) = r1 + r2 + r3, (11)
by Taylor’s expansion,
r2 =
∑
(f (u(xj )) − f (uh(xj )))j
=
∑[
f ′(u(xj ))(u(xj ) − uh(xj )) + 12f
′′(j )(u(xj ) − uh(xj ))2
]
j
= f ′(u(x))(Ihu − uh) + 	max|Ihu − uh| + O(1)max|Ihu − uh|2,
where 	Cmaxx,y∈|f (u(x)) − f (u(y))|Ch. Therefore,
(t t , v) + A(, v) + (f ′(u), v)
= −(f (u) − Ihf (u), v) + (f ′(u)(u − Ihu), v)
+ 	(|
|, |v|) + O(1)(|
|2, |v|), (12)
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where 
= Ihu − uh. Choosing v = t in (12) gives
Dt‖t‖2 + DtA(, ) + Dt(f ′(u), )
At(, ) + (f ′′(u)ut, ) − (f (u) − Ihf (u), t )
+ (f ′(u)(u − Ihu), t ) + 	(|
|, |t |) + O(1)(|
|2, |t |).
In terms of the interpolation error estimate ‖w − Ihw‖Chn+1‖w‖n+1, this implies
Dt‖t‖2 + DtA(, ) + Dt(f ′(u), )
C‖‖21 + Chn+1‖t‖ + C(h‖
‖ + ‖
‖2)‖t‖,
Ch2n+2 + C(‖‖21 + ‖t‖2) + C(h2‖
‖2 + h−1‖
‖4).
Integrating with respect to t, noticing f ′(u)0 and omitting the second term of the right-hand side by use of Gronwall’s
inequality, we have
‖t‖ + ‖‖1Chn+1 + Ch
(∫ t
0
‖
‖2dt
)1/2
+ Ch−1
(∫ t
0
‖
‖4dt
)1/2
. (13)
By using the interpolation estimate and Lemma 2.1, we have
‖
‖‖u − Ihu‖ + ‖u − u˜h‖ + ‖u˜h − uh‖Chn+1 + ‖‖.
Substituting the above inequality into (13) implies
‖‖1C1hn+1 + C2h−1/2‖‖1. (14)
Now adopting a simpliﬁed continuity argument [7,14], temporarily assume that there exits h0 > 0 such that
‖‖12C1hn+1, (15)
holds for anyh<h0. Substituting it foron the right-hand side in (14),wehave‖‖1C1hn+1+4C2C21h2n+3/2C1(1+
4C1C2hn+1/2)hn+1. If taking h<h1 such that 4C1C22hn+1/2 < 1, then ‖‖12C1hn+1 still holds for all h<h2 =
min(h0, h1). This shows that the above (15) is right. This gives the desired estimate (9). In terms of the embedded
estimate ‖‖0,∞C2| ln h|1/2‖‖1 [6], we obtain ‖‖0,∞ <C0hn+1| ln h| for h<h3.
For auxiliary ﬁnite element u˜h, the estimates ‖e˜‖0,∞C0hn+1| ln h| and ‖e˜‖lC1hn+1−l , l = 0, 1, give
‖e‖l‖e˜‖l + ‖‖1 < 2C1hn+1−l , l = 0, 1,
‖e‖0,∞‖e˜‖0,∞ + ‖‖0,∞ < 2C0hn+1| ln h|,
for h<h∗ = min(h1, h2), implies ‖uh − u‖0,∞ <ε, i.e., uh ∈ Nε(u), which completes the proof of the theorem. 
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